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Abstract Pandres has developed a theory in which the geometrical structure of a real four-
dimensional space-time is expressed by a real orthonormal tetrad, and the group of diffeo-
morphisms is replaced by a larger group called the conservation group. This paper extends
the geometrical foundation for Pandres’ theory by developing an appropriate covariant deriv-
ative which is covariant under all local Lorentz (frame) transformations, including complex
Lorentz transformations, as well as conservative transformations. After defining this ex-
tended covariant derivative, an appropriate Lagrangian and its resulting field equations are
derived. As in Pandres’ theory, these field equations result in a stress-energy tensor that
has terms which may automatically represent the electroweak field. Finally, the theory is
extended to include 2-spinors and 4-spinors.

Keywords Field theory - Transformation groups - Covariant derivatives - Lagrangians -
Field equations - Spinors

1 Introduction

Previously a theory has been presented which exhibits many of the features required for
a unified field theory [5, 8, 9]. The main feature is invariance under a group of transfor-
mations that is larger than the diffeomorphism group. We will consider a 4-dimensional
space X* which have local coordinates x* (u =0, 1,2,3) and regard the tetrad h"ﬂ (with
i =0,1,2,3) as the contracted product of the field variables h’u and L", (defined below).
Under the enlarged group of transformations which is defined below, quantities such as the
tetrad may be path-dependent. The values of x' are considered to be inertial coordinates with
metric n;; = diag{—1, 1, 1, 1} (we use the Einstein summation convention throughout this
paper), and the metric tensor is defined by g,,, = 11, h/,. When /', is a function of x*, i.e.
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path-independent, we may interpret X* as a 4-dimensional (pseudo-)Riemannian manifold
M?* with metric g,,,. This is called the manifold interpretation.

A Riemannian manifold is invariant under diffeomorphisms which for x* — x* satisfy
the property x,  —x®,, =0. In the tetrad formulation, it is also invariant under Lorentz
transformations Li which satisfy the condition 7;; = n; ijL[ = diag{—l 1,1, 1} The in-
verse of Lt will be denoted by Li and hence L’L}( =5/ and L"L’ = 8" Also h/* is de-
fined by the requirement that at every point, h/*h’, = §/. Under dlffeomorphlsms on x* and
Lorentz transformations on x', the Riemannian manifold generated by h', = h’ L’ K 5 is the
same as that generated by A’ u ]

When the frame transformation, L’j from one Latin system to another is allowed to be
a function of position (local), it is well-known that the transformation from x — xi is not
a diffeomorphism, i.e. the integrability condition L', — L; ; =0 is not satisfied. The value

of x will depend on the path in x’ space and hence we cannot interpret the xi space as a

. . o . o g2y
manifold. The special relativistic equation of a free particle is ij—’; = 0. Under local, non-
diffeomorphic, Lorentz transformations L;, this implies that ”fh — L Li 5 ddxY dx) and thus

we see that the x/ system is non-inertial.
Therefore we have three spaces and convert between them using the field variables h’M
and L}, with &', = L}k’ . Let V; be a vector in the inertial space,

Ly
Vi —> V1—> VM

We call the x’ space the inertial space, the x’ space the internal space and the x* the world
space. Analogous to the tetrad, we view L) as 4 internal vectors with inverse L! which
satisfies L/ L, = &7 and L%L} = &}. The fundamental fields are L} and h’, since /', i

expressed by h', = L}h’,. We will use capital Latin indices such as V', a7, etc. to denote
the quantity in the internal system. Note that generally, L} ; — L, ; # 0. We require that
N, =i J-L",L’J' =diag(—1, 1,1, 1). On the x’ (internal) space, we allow local (nonconstant)
Lorentz transformations L5 while on the x’ (inertial) space we allow only global (constant)

Lorentz transformations, i.e. L’/ y = 0. We will use the convention that when L has a capital
subscript and a lowercase superscript or vice versa, that the L represents the field variable in
the given system. When both superscript and subscript are lowercase letters, L will represent
a global Lorentz (frame) transformation and when both superscript and subscript are capital
letters, L will generally represent a local Lorentz (frame) transformation. When coordinates

I are changed x! — x!, then, in the new system, h’ =h!, L! and

in the internal space x
Li = L’IL;. Effectively, the inertial space serves as a pregeometry upon wh1ch the richer
geometry of the internal space is founded and thence to the external (world) space geometry.

Since hl/l. = h"MLI then g, = n”h’ h' = =nih, L'nd L’ = n;jh', h,. Because the met-
ric is unchanged, the field variables L do not affect the geometry of the manifold that is
determined by hiﬂ. If h"ﬂ’v — hiv, W= 0, then, in the manifold interpretation, X* is a manifold
with a vanishing curvature tensor, but this does not imply that the internal space is flat, since
Li1, ;= L"J, ; may be nonzero. This may provide a framework for understanding the geometry
of the vacuum.

For transformations on X*, we consider a larger group of transformations which is called
the conservation group [8]. We say a transformation is conservative if it satisfies the weaker
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condition
x”_&(x‘%uyv —xafvyu) =0. (1)

The group of conservative transformations contains the diffeomorphisms as a proper sub-
group. In the Riemannian manifold interpretation we regard x” as anholonomic when x”_f u
is non-diffeomorphic. We will use a semicolon to denote covariant differentiation with
Christoffel symbol Ffjv = %g”‘” (8opv + 8ov.pu — &uvo). Let V¢ be a vector density of
weight +1. The conservation group of transformations arises out of the requirement that
a conservation law of the form f/g’a =0 is preserved, i.e. x* — x% being conservative im-
plies that V“a = 0 as well. Dirac [4] has remarked that “further progress lies in the direction
of making our equations invariant under wider and still wider transformations.” We suggest
that this enlargement of the transformation group results in a theory which unifies gravity
with the other forces.

As noted above, the field variables L! generally do not satisfy the integrability condition:
Li’! ;—L ; ; = 0. We define conservative Lorentz transformations by the requirement that

Li(LY, — LT ,)=0. ©)

Since L; is a Lorentz transformation the determinant of L{ is 1 and hence the deriva-
tive of the determinant is zero. This implies that L;L{ ; =0 and thus conservative Lorentz
transformations satisfy the condition L;L; ; = 0. Thus, with use of the chain rule, we have
L5 conservative <= L; 7 =0. However, when we extend the group to complex Lorentz
transformations (2) must be used since the determinant of L? is of the form ¢'*® and hence
is not constant. Although the only diffeomorphic Lorentz transformations are global, there
exist local (position-dependent) conservative Lorentz transformations. (The results of this
paper do not depend on the concept of conservative Lorentz transformations on x/ space,
but are included here for future reference.)

We also recall that the Ricci rotation coefficient given by y,, = hi"‘h"ﬂgv is used to define
the spin connection. However y¢,, is not a scalar under local Lorentz transformations L:
since

hiahll/«;v = him (L§hlu);v
= hiaL%”uw + hiahlu%, v
= hfahlu;v + hiah[u]‘f",u'

In the manifold interpretation we see that the usual definition of y,, results in a quantity
that is not invariant under local frame transformations.

Definition When k', = L}h', is the tetrad used to define a Riemannian manifold M, we
define the extended Ricci rotation coefficient

Yo, =hihl +hiRL LY 3)

When L/ is constant, then the second term is zero and we have the usual definition, and
also, in this case, we have T"‘W = hi"hiwu. Henceforth we will use the symbol T"‘W to mean
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the extended Ricci rotation coefficient. One may easily verify that Y, is a tensor under
diffeomorphisms and is a Lorentz scalar. We also have from this definition

Tl;w = L{Tiuv = Lilhiu:v = h{u;v + LtIhL.LlJv

2 The Stroke Covariant Derivative

We now define a derivative which is covariant under more general coordinate transforma-
tions on x* as well as local frame transformations on x’. We will call this extended covariant
derivative the stroke covariant derivative will denote it by use of a vertical stroke. An ex-
tended covariant derivative is a standard device used in Gauge theory and in the standard
model [10]. We anticipate that our extended covariant derivative will be used to unify grav-
ity with the other forces. When acting on a contravariant vector, the stroke derivative is
defined by

Vi = VE+ ViR,

=Vi+VP(h)hy, + hYhl'Li ). 4)

As stated above, x' is inertial, x’ is internal, and the field variables are L’ and h’ . The
: ot coni i _piTB P i i B
covariant derivative of the tetrad is &', = h', , — h'sI';,. Thus h o = h,., +h'sTy, and
hence hf'h'; , = h{'h';., + T}, . Thus we have h/‘h'y  +h%h /L], =T} + Y and so

the stroke derivative may be written

viL=Vh + Vil 5)

where Y , is the extended Ricci rotation coefficient defined in (3).

Many investigators have used an alternative covariant derivative with connection given
by L%, = hfh', , which is covariant under all coordinate transformations x* — x*, but
does not extend to local Lorentz transformations. In [11], the connection for V' is yijk
which is not equal to our L!L? . Kibble [6] introduces 24 fields A", with AY, = —A/,
through which a connection I'’ , is defined. This connection is non-symmetric in its lower
indices. Hehl et al. [7] use a connection given by T}, = {/} — K./, where K, the non-
Riemannian part of the connection, is called the contortion. Also, these authors do not use
the same Lagrangian as in our theory (usually they use f R./—gd*x ). Our connection is
formed directly from the tetrad k', and L} which are considered to be the fundamental
fields. Because of the extended Ricci rotation coefficient, the stroke covariant derivative
defined by (4) and (5) is covariant with respect to a wider group of transformations than
these other extended covariant derivatives.

For covariant vectors one gets

Vu|v = Vp,,v - Vﬁhlﬁhlu,v - VlhluLlI,v

=V — VY7, (6)

where, again, x' is assumed to be inertial and the extended Ricci rotation coefficient is used
in the second line. Using (5) and (6), one may verify the product rule holds: (U#V,), =
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U’fa Vo + U*V,q. It is also easy to see that (U*V,), = (U*V,) . as would be expected.
Analogous formulas hold for tensors of higher rank. For example,

Ve, =V VR, VEREL]  — VR Ry — VERLL]

i L
=VS, F VY —vexT N
We use (4) to define
Vi =R VL=V 4 VILIL), ®
and using (6) we have
Vip=h{' V=V, — VJL,J‘L{,U- ®

Using the formulas (4)—(9), one may take stroke covariant derivatives of quantities which
involve both Latin and Greek indices. Thus

I _ oyl Krpiypi 1, vK 1Kk
Vap=VaptValilkp—Viyhghos—VihoLgg.
If we apply this result to the field variable //,, noting that 2’ h* = L{, the result is
I _ 1 KrlylJ I 371K 11K 1k

Wop=hopg+hoLiLyg—h hihys—LihyLy,
_ 1 Krlgi 1 1Kk
_ha,ﬁ"'haLjLK,ﬁ_ha,ﬁ_LkhaLK,ﬁ
=0. (10)

It is an easy matter to verify that under general coordinate transformations, Vf‘v = x‘_fﬂ V’fv

and also under general Lorentz transformations that V{, = L’ V{,. Hence the stroke deriv-
ative of a vector or tensor is another vector or tensor with a rank increased by one.
We also define V|, = L} V|, and V;, = L] V};,. These definitions lead to

Vi,=V, and Vi, =V, (11)
and we easily see that
Ly, =0.

As a check on the consistency of the stroke covariant derivative and the fact that the tetrad
is stroke covariant constant we consider whether 7,,, |, is zero by direct calculation. From
(6) with use of the product rule, we have

J 1K J 1K
Nun v = Myyv T+ nKNLA]le.U + nMKLIIVLj.U'

Now 7,,,,» = 0. Using Lf = nJK njxL% , we see that the second term reduces to the negative
of the third term:

i 1K j K ij 1 KL k
nKNL{VILj,\) = _nKNL{VI.vLj = "Ngwn (77” My L ),Un njxLy,

. KL
= _nKNn”ann njkLliLiI,v
= _51%/8;(771\41 L]IiLj,v

i 71
= _anLlNLi,v
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and hence
Nyun v = 0.

Let V¥ be a vector density of weight +1 which may be constructed by multiplying a vector
V¥ by h = /—g, the determinant of hi Since g« =0, then h,, = 0. It is also well

known that V“ = V°‘ Also h' a = =0 1mphes that V =MhV), =h V‘fa , and hence one

may obtain the followmg rule for the stroke covariant dlvergence of vector density of weight
+1:

Ve, =V, + Ve, (12)
Definition The curvature vector (see [8, 9]) is given by

C.=7%, (13a)

The derivative of 4 is givenby h , =hh ,f hkﬂya. Since the extended Ricci rotation coefficient
is used, this is an extension of Pandres definition, but as its value is the same in the inertial
coordinates, x, no confusion will arise by using the same symbol, C,,. Using this and the
properties of covariant derivatives and the extended Ricci rotation coefficient one finds that

Cu=hih',,+h' L,
=h’ (hlu,a - hia,u)

=hi(h! ,—n',)+n, LI, — L)) (13b)
and

Ci=—h""(hh}),.

Cr=—h""(hh{), +Li, (13c)

Cr=—H'(HH) , +A(A'AY)

where the last line, listed here for easy reference, will be explained in the next section. It is
easy to verify that C; transforms as a vector under all differentiable Lorentz transformations
on the Latin indices, i.e. C; = L}C 1, provided Lii is differentiable. However, for C, to
transform as a vector under changes of coordinates, x* — x%, the transformation must be
conservative, i.e.

Ce=x%Cy = x' (xa - x?‘v,u) =0.

3 Complex Lorentz Transformations. Complexification of the Tetrad

We consider allowing the /%, and L] to be complex. We will denote complex /', by H, and
complex L! by A!. Note that hiﬂ remains real and thus g, remains real. When the Lorentz

group is extended to complex values, we will denote the transformation coefficients by A; .
There are two possible ways of extending (see [2]), one in which n;; = 5, JA§A§, but we
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extend the Lorentz group via the second possibility, i.e.,

Nij :UIJA§A§ (14)
where n;; = n;; =diag(—1, 1,1, 1) and a bar over a quantity indicates its complex conju-
gate. Since n;; is real then n;; = n;; = ”AiA and we see that A( is also a Lorentz
transformatlon.

As before, we denote the inverse of A! as A’ and convert between the x' system and the
x! system as usual, e.g. V/ = VA! and V = V! A’,. We also note that A/, the complex
conjugate of Ail is also used to convert between the x’ and x! system and the inverse is the
complex conjugate of A}, i.e. Al A =8} and AL A} =5 Let V, = ViA},and V! = VIA].
Then V; = V: Al and VI=ViA l’ . Similar rules apply for tensors. For the complex tetrad
H!, one finds that H. = AR’ has inverse H? = h® A} and that HL = AR’  has inverse
H =h#A'. Note that general complexification leads to the condition that g,, = g,.,, but
because the x! and x* spaces remain real in our construction, g,, remains real and hence
remains symmetric.

The determinant of H’ will be denoted by H. We also define A = det(A’}) and thus
h = HA. When inversions are excluded, and x” is real, then A = 1, and thus # = H; when
the A’ is non-real, then A = ¢’® and hence h = He'®, where generally 6 is a function of
position 8 (x). These comments explain the last line of equations (13d).

When raising or lowering indices, complex conjugation must be used. One finds that
vi= r]”VJ and V; = n;, V7. Thus VIV, =9/ V, v, = VI V One also finds that H. =
n! go,,gH . The definition for the extended Ricci rotation coefficient is Y, , = H*H L:v +
H* H A’, ,» and the curvature vector, Cy, is given by (13d). These quantities are invariant
under local Lorentz transformations and conservative transformations on Greek indices. The
stroke derivative is invariant under local complex frame transformations.

There are a couple of reasons for extending the group of transformations to include the
complex Lorentz transformations. It is well known [2] that the complex Lorentz group which
satisfies (14) contains SU(3) as a proper subgroup and that complex quantities are required
for SU(3). The complex Lorentz group, A, has 16 parameters. Also, the inclusion of spinors
and the spinor connection imply that complex Lorentz transformations should be included.

4 The Field Lagrangian

We know that in general relativity we have the property that for a vector density of
weight +1, \7‘3‘0{ = \7‘f‘a. Thus an appropriate measure of the new geometry should be

Ve, — Ve, =VC,. (15)
The line of reasoning that leads to this conclusion is as follows. In flat space with a con-
tinuously twice-differentiable vector V*, we have V¢  — V¢  =0. Upon replacing the
ordinary derivatives by covariant derivative we use V%, . — V9  =— 1% R, to measure
the non-flatness of the corresponding Riemannian geometry. The curvature tensor, R%,,,,
transforms as a tensor under diffeomorphisms. In a similar way, a space is conservatively flat
with respect to the conservation group when V"‘ \7 = 0 and hence, after replacing the
covariant derivative with the stroke covariant denvatlve the non-flatness of the conservation
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geometry is measured by (15). The quantity C,, transforms as a vector under conservative
transformations and C; transforms as a vector under all differentiable Lorentz transforma-
tions. We note that there exists a conservative transformation between x¢ and x¢ such that
8ap = diag(—1,1,1, 1) if and only if C,, =0 [8].

A suitable field Lagrangian will be a scalar which is constructed from C,,. Thus a suitable
field Lagrangian is given by

£=/C“Cahd4x (16)

where h = /=g is the determinant of the tetrad i’,. We also have £ = [ C‘C hd*x and
L= [C'C; HA d*x. The Riemann tensor is given by R%, , =he(h'y, . — 'y, ). Us-
ing (3) one finds that the Riemann tensor, the Ricci tensor and the Ricci scalar are given
by

o o o O' o i 1
Rﬁuv_Tﬂuv ﬁvu+T _T +h hﬁ(Aluv Alvu)
RH\) = CH:U - Toiw a + Taan” TD;UJC + hahl (Azloz v Atl UO() (17)

R=2C%, 4+ C“Co — Y Yarg +1"h}h{ (A}, — AL, o)

1o,V L,

Thus one finds that (see [5])

CYCoy =R+ Y Yo —2C%, — "R/ h{ (N[, — AL, o) (18)

Lo, L,

The additional terms are suggestive of non-gravitational interactions.

Setting §£ = 0 leads to field equations. The fields that will be varied are H! and A’}.
The requirement that n;, = diag(—1, 1, 1, 1) and the requirement that h"ﬂ =H LAII be real
will not be imposed at the outset by using Lagrange multipliers. Nevertheless the resulting
field equations will have solutions with these properties and hence these constraints do not
affect the variational problem. Now,

8(C'C/HA) = (C'C))ASH + (C'C))HSA +2HAC'5C;.
Thus, from the formulas
SH=(—HH*sH
and
SA=AAISA
and using (13d) we easily find that
8C;=—-H 'HS(HH) o 8H — H™'(S(HH)) o + AN (AT'A) 187
+AGBATIAY) .
When these results are used and an integration by parts is performed, one obtains
S(C'C/HA) = —2AC'(HH) H¥ §H{ +2(AC") ,(HH")
+2HAC! (AT A AT SN, — 2(HAPCTH) o8(AT A

— HAC'C/HE $HY + HAC'C A8,
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where the boundary terms have been discarded since §(Hg) = 0 and § (A",) =0 on the
boundary. After straightforward use of the product rule and chain rule, one obtains

1 : ,
S(C'C/HA) = 2HA<§C’C,H§ —C'ALHS + ATA, CF +CF - cf,Hf)aHK“

S

+2HA (C’A(A’IA",) AT =2Af Ay ;€T +2AF N CTA]
1 .
_c,fj+c{,Aj+c,»c’—EC’C,A})SAJJ. (19)

Since h = HA must be nonzero and since § Hy is arbitrary in the region of integration,
8L = 0 implies that the expression in the first parenthesis in (19) must be zero. Multiplying
this expression by H,” one obtains

1 : _
Ec’c,sf —C'AL S+ AN CR = Clsf =o. (20)

The trace of this equation implies that
2C'C; —ACT A}, + C'ATA), —3C) =0. 1)
Similarly the expression in the second parenthesis of (19) must be zero also. Multiplying
this expression by A/ one finds that
. 1
§]CTAL +8]CTAEAY =208 A €T =) +5/cl +C'cp - Eagc’c, =0. (22)
The trace of this equation yields
C'Cy—4C' A}, —2C"ATA), —3C), =0 (23)

and hence subtracting (23) from (21) gives C! Aj]. A’J" [ = —%C’ C;. Also multiplying (21)
by 2 and adding to (23) yields C' A}, = 3C'C; — 3C,. After inserting these formulae
into (20) and (22), one obtains

1

1 .
E(Sfc’c, - Zafcf, + AN, CR+CE =0

and

5 1 ‘
—Eafcfc, + Zsfcf, —2A7A, CF —Ch +CcRep=0.

The sum of these two equations yields
; 1
CRCL—AjA; CF =380CC).

Now since A is the determinant of a complex Lorentz transformation, A = ¢'? and thus
i A .
AJJ'A]J,K = TK =1i6 k. Thus

1
ckc,—-io, cr = §afc’c,. (24)
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Now multiply (24) by Cx and sum over K. Assume that CXCg # 0. Then this im-
plies that C;, — i, = 1 3Cr and hence Cp = —10 1. Substituting this into (24) leads to
CXCk = 0 which contradlcts our assumption. Thu% we see that our field equations imply
that CKCg =0.

From (24), we now see that CX(C; —i6 ;) = 0. Now assume that CX = 0 and substitute
Cp, =i6 into (20). Then when K # L, this implies that ie’i = O’KO,L. But since 6 is real
then #°X9 ; =0 when K # L. Thus at most one of the 8 ; is nonzero, but then CXCx =0
would imply that all are zero, contradicting the assumption that CX £ 0.

Hence the field equations imply that C; = 0 and since C, = C;h’,, we have

Cy=0. 25)

There are several examples of solutions to the field equations (25). The first example is
given by h', =&/ + 8,8, x", where x' is a Greek coordinate value, (see [8]), and results in a
Ricci scalar value of R = % This is equivalent to the pair:

b, =8l +858°x" and L) =3].
A second example is given by
hl' = 8580 + 8480 + (81'8] + 8587) cosx? + (858! — 8187 sinx?, (26)

where x3 is a Greek coordinate. For (26), g =diag(—1,1,1, 1) and hence R® by = 0, but

1€, # 0. A third example is a spherically symmetric solution of the field equations. Let
f(r) be a positive differentiable function of r = \/(x1)2 + (x2)2 + (x3)2. Then the tetrad
given by

b, =88, f(r)+yfT(55 + 6152 +8187) @7)

yields C,, =0 and hence is a solution of the field equations. The metric, in line element
form, is given by

2

4’ = — Fdr gy T gy TS0
vaiQ) V) vaiQ)

and Y, are nonzero.

de?, (28)

and both R% |

Using the Einstein tensor G, = Ry, — % 8w R, the field equations (25) and symmetrizing
(so that G, = G,,,) we find that

l o o 1 o o o o ] afo
G#V Z(TMVQ+TVMQ)+_(TGUTHQ+TJuTva)+_gMVT TO!O'ﬂ

2 2
1 he i 1 i 1 1
2( h (Atctv ll)ct)+h h (Atau Atua))
1 ijg, 0 1 1
- 5 glJ«V" h h (Al o,0 Al aa) (29)

These terms on the right suggest that, when interpreted in Riemannian geometry, this new
geometry may automatically produce an appropriate stress energy tensor.
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5 Inclusion of Spinors. The Spin Connection

The fundamental constant spin tensors, ai"‘,,, are given as follows [1, 3].
R I S I E
b 2l-1 o) P20 1)

g L[i o g L0 1
VA K v AL of

We typically will use Latin indices a through f for spin indices (first index refers to the row

(30)

and the second index refers to the column), and 0% is defined by 0% = —o'¢, %" and also
o', = —&e0'9,, where the spin metric is given by
i 0 1
ab __ __ egab __ -
EV=Ey =" =E&y |:_1 O:|. (31)

Note that £ is antisymmetric. When we use matrix multiplication to aid in the computation
process, we lower indices via a sum on adjacent indices with the matrix for £ afterward
(or sum on adjacent indices with the matrix for —& before the spinor). Similarly, when we
use matrix multiplication in raising indices, we sum on adjacent indices with the matrix for
& before (or sum on adjacent indices with the matrix for —& afterward). Basically, when
raising or lowering spinor indices, the summed indices should be adjacent and the sign is +
for \, and — for /. Useful relations between the o'’s are:
(ridbrfj“'h = —8;, ol,0% =—558¢ and Ui“écrjj, + ojiaiéb =n"sg.

When the meaning is clear we will suppress the spinor indices, for example o/ and €.

Generally, for second rank spinors (with 2 x 2 matrix representation) such as M“,, we
have &, M. M", = det(M)E,,. Thus, if A has determinant +1, then £,,A% A®, = €4, i.e.
the metric is preserved. We will call these A“, spin transformations and they are elements
of SL(2,C). The real Lorentz group is a 6 parameter group as is SL(2,C). As is usual
in the tetrad formalism, the fundamental spin tensors are kept constant by coordinating a
spin transformation, A¢ € SL(2, C), with the Lorentz transformation L’J Since L! are field

variables, these induce field variables A%. This is because we keep o'/ identical to o% by
coordinating A2 with the field variables L!. As noted above, we only allow constant (global)
Lorentz transformations, L’J on the x' (inertial) space and hence we only allow constant AZ
on the corresponding inertial spinor space. On the internal space, x! and its corresponding
spinor space, we allow nonconstant (local) Lorentz transformations and nonconstant (local)
spin transformations.

Now there is a 1-1 mapping from vectors V' to rank 2 spinors V¢ via (31). Specifi-
cally V@ = 0,4V which via the relation 0,0, = =&} implies V' = —o, V. Since
there is coordination between the field variables LQ and the induced variables Af, we
also have V/ = —ogBVAB and VA8 = g ABV! Now, because of the constancy of the o’s,
o'y, =0and Uﬁis,v =0. From o}, = o/, L} A} A}, one finds that o'/, (L} AJAf), =0.
Thus o, L}, = —ok LjASAS, — ol (L7 ASAS . Substituting this into the equation

I _ I ABy _ I yAB J yAByIyi : :
Vp=(o ABV Yp = —oABV L O'ABV Lij,v, we arrive at the spin form of the
stroke covariant derivative of V7,

V=0l (VAE, —VCEALAL  — VACALAD ). (32)
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Let a, be an arbitrary real vector. One notices that, as in the usual spinor connection, that
we may take the replacement A4 AS , — A4 AS | +i8§a, which has no effect on (32). This
corresponds to the classical Gauge transformation (see [1]). Thus a consistent definition for
the stroke derivative of a spinor is given by

W, =wh — wE(AG AL, +isha,) (32a)
and
WA = v —wh(alad —isda). (32b)

These definitions imply that ngmu =0.

We now consider the extension under parity from the 2-spinor to the 4-spinor. The indices
for a 4-spinor will run from 1 to 4 with indices (1, 2) corresponding to dotted 2-spinor indices
and indices (3, 4) corresponding to undotted 2-spinor indices. Let the n x n zero matrix be
denoted by 0,. Let the matrices for oi"‘b be briefly denoted by o, then (in the chiral form)

the Dirac matrices, ' % are given by

y”sﬁ{% ZJ (33)
where the o denotes the complex conjugate (i.e. is ai‘;;). One finds that
ViV TV V% = 2nij 8y, (34a)
or in matrix notation,
Yivi +vivi =2nij1a, (34b)

where I, represents the 4 x 4 identity matrix. When the signature of the metric is
diag(—1, 1,1, 1), the Klein-Gordon equation is (3'9; + m?>)W? = 0 and the Dirac equa-
tion is given by (y'% p; + m )W’ = 0. In inertial coordinates, the Dirac equation is
(iykiak + m(SZ)\IIb =0 and upon multiplying on the left by the operator iy7d;, one finds
that the Dirac equation implies the Klein-Gordon equation.

The metric tensor for 4-dimensional spinors is given by

Eap =848, — 828, + 8284 — 8253 (35)
and £ = £,;,. Using (31) we have the matrix form
1€ O
84 = [02 g] .

Suppose that M¢, has either of the following special forms:

02 A2 A202
a __ a __
Mf‘[Bzoz] or Mf—[oz BJ

where A, and B, are 2 x 2 matrices with det(A) = det(B). Using (35), we see that
EawMM I’d =det(A)E&.4. Hence we define spinor transformations for 4-spinors by

« [A 0,
AB=[02 A] (36)
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where A is the complex conjugate of A and both are elements of SL(2, C). We also see that
there is a mapping between Yectors vand second rank 4-spinors given by V¢ = % Viy'9, with
inverse mapping given by V' = %y’ﬁV“b. As with 2-spinors, there is coordination between
Lorentz transformations on the Latin indices and spin transformations so that the y' remain
constant. Similarly, when the field variables L) are given, we require that y! g remains
unchanged and hence we see that this induces the values of A. The correspondence is
exactly one-to-two, with A determined up to a sign. This implies that (y/4A4ABL}) , =
0 and thus y/4(L;A4Af) , = 0. From this we derive that y/jL! L}, = —y'GAZAL | +
y!¢ASAY . Thus

1 1
vi=(5r4v8) =5 a(vh. - veacas e vsataL). D
v

We note that, for arbitrary vector a,, the replacement AZA¢ | — AZAZ | +i8fa, has no
effect on (37). Thus we define the stroke derivatives of 4-spinors by
Wi =W+ WO(AZAL  +idla,) = (0, +ia)) WP + WOASAL (38)
and
Wy =Wy, — We(ASAY , +i85a,) = (8, —ia))Wa — WeATAG . (39)

The definition for the stroke derivative of a 4-spinor implies that '’ g‘v =0.

6 Concluding Remarks

We have established invertible transformations which convert between the following types

VAB (spinor)

/! > Ny
Vi o v < yH
N $ /!

VI (complex)

and the stroke covariant derivative of a vector or tensor quantity transforms in the appropriate
way.

Let W be a 4-spinor with components W#. Let D,, represent the stroke covariant deriva-
tive operator. We conjecture that the full Lagrangian is given by

L=iaVy"D,V + C"C,h
=iV, () (y"EVS, + C*Ch (40)

where « is an arbitrary real constant and the stroke derivative is given by (38). This La-
grangian is invariant under all conservative coordinate transformations and all differentiable
frame transformations. If A{. is constant and if C,, = 0, the Lagrangian reduces to that of
a free particle of spin 1/2. As the transformations allowed in this new geometry includes
local Lorentz transformations, local complex Lorentz transformations, local spin transfor-
mations and conservative transformations on Greek indices, we suggest that the geometry
has sufficient richness to describe the unification of gravitational, electroweak and strong
forces.
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